
Math Hawker Digest Secondary 3
AdditionalMathematics – Algebra part I
1. Advanced Algebra 2. Polynomial 3. Partial Fractions

Example 1:
Factorize 3𝑥2 + 𝑥 − 10.

Step 1): Find the appropriate values of ૄ and ૅ.− ૄૅ = 3(−10)
— (1)ૄૅ = −30− ૄ + ૅ = 1
— (2)ૄ = 1 − ૅ− Sub (2) into (1):(1 − ૅ)ૅ = −30ૅ2 − ૅ − 30 = 0(ૅ − 6)(ૅ + 5) = 0ૅ = 6 or ૅ = −5− Arbitrarily choose ૅ = 6 and sub into (2):ૄ = 1 − 6 = −5

Step 2): Factorize the result.− 3𝑥2 + 𝑥 − 10 = 3𝑥2 − 5𝑥 + 6𝑥 − 10= (3𝑥2 + 6𝑥) + (−5𝑥 − 10)= 3𝑥(𝑥 + 2) − 5(𝑥 + 2)= (3𝑥 − 5)(𝑥 + 2)

Example 1:
Find the range of values of િ for which the equation 3𝑥2 − 2𝑥 = િ − 1
has 2 distinct real solutions.− 3𝑥2 − 2𝑥 = િ − 13𝑥2 − 2𝑥 + (1 − િ) = 0− 2 distinct real roots exist.⇒ ષ2 − 4શસ > 0(−2)2 − 4(3)(−િ + 1) > 0િ > 23

Example 2:
Find the value of િ for which the circle (𝑥 − 2)2 + (્ − 3)2 = િ touches
the line ્ = −𝑥 + 5 at exactly one point.− — (1)(𝑥 − 2)2 + (્ − 3)2 = િ

— (2)્ = −𝑥 + 5− Sub (2) into (1):(𝑥 − 2)2 + (−𝑥 + 5 − 3)2 = િ𝑥2 − 4𝑥 + 4 + 𝑥2 − 4𝑥 + 4 = િ
— (3)2𝑥2 − 8𝑥 + (8 − િ) = 0− 1 intersect between (1) and (2).⇒ (3) has one root.⇒ ષ2 − 4શસ = 0(−8)2 − 4(2)(8 − િ) = 0િ = 0

Example 3:
Find the range of values of િ such that ઻ (𝑥) = (2િ − 1)𝑥2 + 3િ𝑥 + 14 has2 distinct real roots.

Step 1): Find values of િ where ઻ (𝑥) is quadratic.− ઻ (𝑥) is only quadratic if the leading coe|cient is non-zero.⇒ 2િ − 1 ≠ 0િ ≠ 12
Step 2): Determine the discriminant ટ of ઻ (𝑥).− 2 distinct real roots exist.⇒ ષ2 − 4શસ > 0(3િ)2 − 4(2િ − 1) (14) > 09િ2 − 2િ + 1 > 0− ટ(𝑥) = 9𝑥2 − 2𝑥 + 1
Step 3): Determine if ટ(𝑥) > 0.− The leading coe|cient of ટ(𝑥), 9 > 0, is positive.⇒ ટ(𝑥) ≥ 0− ષ2 − 4શસ = (−2)2 − 4(9)(1)= −32 < 0⇒ ટ(𝑥) has no real roots.⇒ ટ(𝑥) does not cross the 𝑥-axis.⇒ ટ(𝑥) > 0⇒ ઻ (𝑥) has 2 distinct real roots for all values of િ ≠ 12 .
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Example 1:
Solve the simultaneous equations.{ ્ − 𝑥 = 1,𝑥2 + ્ 2 = 25− — (1)્ − 𝑥 = 1

— (2)્ = 𝑥 + 1− 𝑥2 + ્ 2 = 25− Sub (1) into (2):𝑥2 + (𝑥 + 1)2 = 252𝑥2 + 2𝑥 − 24 = 02(𝑥 + 4)(𝑥 − 3) = 0𝑥 = −4 or 𝑥 = 3− Sub 𝑥 = −4 into (1):્ = −4 + 1 = −3− Sub 𝑥 = 3 into (1):્ = 3 + 1 = 4− (𝑥, ્) = (−4, −3) or (𝑥, ્) = (3, 4)
Example 2:
a) Given that ઻ (𝑥) = 𝑥2 − 5𝑥 + 6. Find the range of values such that
the line ્ = 𝑥 + િ does not intersect the curve ્ = ઻ (𝑥).
b) Determine the value of િ and the (𝑥, ્) coordinate for which્ = 𝑥 + િ is a tangent to the curve ્ = ઻ (𝑥).

a) − — (1)્ = 𝑥2 − 5𝑥 + 6
— (2)્ = 𝑥 + િ− Sub (1) into (2):𝑥2 − 5𝑥 + 6 = 𝑥 + િ
— (3)𝑥2 − 6𝑥 + (6 − િ) = 0− There are no intersects.⇒ ષ2 − 4શસ < 0(−6)2 − 4(1)(6 − િ) < 0િ < −3

b) − ્ = 𝑥 + િ is tangent to ્ = ઻ (𝑥).⇒ There is exactly 1 intersect.⇒ ષ2 − 4શસ = 0(−6)2 − 4(1)(6 − િ) = 0િ = −3

− Sub િ = −3 into (3):𝑥2 − 6𝑥 + [6 − (−3)] = 0(𝑥 − 3)2 = 0𝑥 = 3− Sub 𝑥 = 3, િ = −3 into (2):્ = 3 + (−3) = 0∴ Tangency occurs at િ = −3 with the
tangent point at (3, 0).

Example 1:
Determine all real solutions to the following inequalities and represent
the solution on a number line.
a) (𝑥 + 2)(𝑥 − 6) ≥ 0
c) 𝑥2 − 2𝑥 − 4 ≤ 0 b) 15𝑥 − 3𝑥2 − 12 > 0

a) Step 1): Find regions of sign changes.− Let ડ(𝑥) = (𝑥 + 2)(𝑥 − 6)− Sign changes when ડ(𝑥) crosses the 𝑥-axis.⇒ (𝑥 + 2)(𝑥 − 6) = 0𝑥 = −2 or 𝑥 = 6− Boundaries: 𝑥 = −2 and 𝑥 = 6− Distinct regions: (∞, −2], [−2, 6], [6, ∞)
Step 2): Find the signs of each region by testing values.− Sub 𝑥 = −3 into ડ(𝑥):(−3 + 2)(−3 − 6) = (−1)(−9) = 9 > 0− Sub 𝑥 = 0 into ડ(𝑥):(0 + 2)(0 − 6) = (2)(−6) = −12 < 0− Sub 𝑥 = 7 into ડ(𝑥):(7 + 2)(7 − 6) = (9)(1) = 9 > 0
Step 3): Determine regions that satisfy condition.− (𝑥 + 2)(𝑥 − 6) ≥ 0⇒ Looking for positive regions (inclusive of 0).⇒ 𝑥 ≤ −2 or 𝑥 ≥ 6

−2 6+ – +

b) − 15𝑥 − 3𝑥2 − 12 > 0− 3(𝑥 − 1)(𝑥 − 4) > 0(𝑥 − 1)(𝑥 − 4) < 0− Boundaries: 𝑥 = 1 and 𝑥 = 4− After testing values: 1 < 𝑥 < 4
1 4+ – +
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c) − 𝑥2 − 2𝑥 − 4 ≤ 0(𝑥 − 1)2 − (−1)2 − 4 ≤ 0(𝑥 − 1)2 ≤ 5− √5 ≤ 𝑥 − 1 ≤ √51 − √5 ≤ 𝑥 ≤ 1 + √5− Boundaries: 𝑥 = 1 − √5 and 𝑥 = 1 + √5
1 − √5 1 + √5

Example 2:
Find the range of values of 𝑥 for which 4 < (𝑥 − 3)2 ≤ 25. Represent the
solution on a number line.

Step 1): Solve lower bound (𝑥 − 3)2 > 4.− (𝑥 − 3)2 > 4𝑥 − 3 < −√4 or 𝑥 − 3 > √4𝑥 < 1 or 𝑥 > 5
Step 2): Solve upper bound (𝑥 − 3)2 ≤ 25.− (𝑥 − 3)2 ≤ 25− √25 ≤ 𝑥 − 3 ≤ √25− 2 ≤ 𝑥 ≤ 8
Step 3): Combine the constraints.

i. 𝑥 < 1 or 𝑥 > 5
ii. − 2 ≤ 𝑥 ≤ 8

−2 1 5 8− − 2 ≤ 𝑥 < 1 or 5 < 𝑥 ≤ 8

Example 1:
Given polynomial ફ(𝑥) = 2𝑥3 + 4𝑥2 + 𝑥 − 1, ~nd ફ(−3).− ફ(−3) = 2(−3)3 + 4(−3)2 + (−3) − 1= −54 + 36 − 3 − 1= −22

Example 2:
Given that 5𝑥2 + 9𝑥 − 2 = (𝑥 − 1)(શ𝑥 + 4) + (𝑥 + 1)(ષ𝑥 + 2) for all real
values of 𝑥 . Find the values of શ and ષ.

Step 1): Evaluate the right-hand side.(𝑥 − 1)(શ𝑥 + 4) + (𝑥 + 1)(ષ𝑥 + 2)= શ𝑥2 + 4𝑥 − શ𝑥 − 4 + ષ𝑥2 + 2𝑥 + ષ𝑥 + 2= (શ + ષ)𝑥2 + (ષ − શ + 6)𝑥 − 2
Step 2): Match coe|cients of the two sides.− — (1)શ + ષ = 5− ષ − શ + 6 = 9

— (2)ષ − શ = 3
Step 3): Solve for શ and ષ.− (1) + (2):(શ + ષ) + (ષ − શ + 6) = 5 + 92ષ + 6 = 14ષ = 4− Sub ષ = 4 into (1):શ + 4 = 5શ = 1

Example 3:
Given polynomials ફ(𝑥) = 𝑥3 − 2𝑥2 + 𝑥 and બ(𝑥) = 2𝑥2 + 5𝑥 − 7, ~ndફ(𝑥) × બ(𝑥). Hence, verify with this example that the degree of the
product of polynomials is the sum of their degrees.− ફ(𝑥) × બ(𝑥) = (𝑥3 − 2𝑥2 + 𝑥)(2𝑥2 + 5𝑥 − 7)= 2𝑥5 + 5𝑥4 − 7𝑥3 − 4𝑥4 − 10𝑥3 + 14𝑥2 + 2𝑥3 + 5𝑥2 − 7𝑥= 2𝑥5 + 𝑥4 − 15𝑥3 + 19𝑥2 − 7𝑥− degree ofફ(𝑥) = 3 − degree ofબ(𝑥) = 2 − degree ofફ(𝑥) × બ(𝑥) = 5− degree ofફ(𝑥) × બ(𝑥) = degree ofફ(𝑥) + degree ofબ(𝑥)

Example 1:
Find the quotient and remainder when dividing 2𝑥3 − 𝑥2 + 5 by 𝑥 + 2.
Express the result as an equation.2𝑥2 − 5𝑥 + 10𝑥 + 2) 2𝑥3 − 𝑥2 + 5− 2𝑥3 − 4𝑥2− 5𝑥25𝑥2 + 10𝑥10𝑥 + 5− 10𝑥 − 20− 15− 2𝑥3 − 𝑥2 + 5 = (𝑥 + 2)(2𝑥2 − 5𝑥 + 10) − 15
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Example 1:
Consider polynomial ફ(𝑥) = 3𝑥3 − 2𝑥2 + 5𝑥 − 7. Determine the remain-
der when ફ(𝑥) is divided by 2𝑥 − 3.− Remainder = ફ (32)= 3 (32)3 − 2 (32)2 + 5 (32) − 7= 818 − 92 + 152 − 7= 498

Example 2:
Given polynomial ફ(𝑥) = 𝑥2 + (િ − 1)𝑥 + (િ2 − િ − 2), ~nd the value ofિ for which ફ(𝑥) is exactly divisible by 𝑥 − 2 but not divisible by 𝑥 + 1.− ફ(𝑥) is divisible by 𝑥 − 2.⇒ ફ(2) = 022 + (િ − 1)(2) + (િ2 − િ − 2) = 0િ2 + િ = 0િ(િ + 1) = 0િ = 0 or િ = −1− ફ(𝑥) is not divisible by 𝑥 + 1.⇒ ફ(−1) ≠ 0(−1)2 − (િ − 1) + (િ2 − િ − 2) ≠ 0િ2 − 2િ ≠ 0િ(િ − 2) ≠ 0િ ≠ 0 and િ ≠ 2− Combine the conditions:

i. િ = 0 or િ = −1
ii. −િ ≠ 0 and િ ≠ 2− િ = −1

Example 1:
Using the Sum of Cubes principle show that the Di{erence of Cubes
principle 𝑥3 − ્ 3 = (𝑥 − ્)(𝑥2 + 𝑥્ + ્ 2) is true.− 𝑥3 − ્ 3 = 𝑥3 + (−્)3= [𝑥 + (−્)][𝑥2 − 𝑥(−્) + (−્)2]= (𝑥 − ્)(𝑥2 + 𝑥્ + ્ 2)

Example 2:
Factorize the following polynomials.
a) 64𝑥3 − 125્ 3 b) 27 − 8(𝑥 − 1)3

a) − 64𝑥3 − 125્ 3= (4𝑥)3 + (−5્)3= (4𝑥 − 5્)[(4𝑥)2 − (4𝑥)(−5્) + (−5્)2]= (4𝑥 − 5્)(16𝑥2 + 20𝑥્ + 25્ 2)
b) − 27 − 8(𝑥 − 1)3= 33 + [−2(𝑥 − 1)]3= [3 − 2(𝑥 − 1)][32 + 6(𝑥 − 1) + 4(𝑥 − 1)2]= (5 − 2𝑥)(9 + 6𝑥 − 6 + 4𝑥2 − 8𝑥 + 4)= (5 − 2𝑥)(4𝑥2 − 2𝑥 + 7)

Example 1:
a) Factorize completely ઻ (𝑥) = 3𝑥3 − 5𝑥2 − 12𝑥 + 20.
b) Hence, solve ઼(્) = 3્ 6 − 5્ 4 − 12્ 2 + 20

a) Step 1): Find a factor using rational root theorem.− Some possible rational roots to test:±1, ±2, ±4, ±5, ±10, ±20− Test 𝑥 = 1 as a root:઻ (1) = 3(1)3 − 5(1)2 − 12(1) + 20 = 6 ≠ 0− Test 𝑥 = −1 as a root:઻ (−1) = 3(−1)3 − 5(−1)2 − 12(−1) + 20 = 24 ≠ 0− Test 𝑥 = 2 as a root:઻ (2) = 3(2)3 − 5(2)2 − 12(2) + 20 = 0⇒ 𝑥 = 2 is a root of ઻ (𝑥).⇒ (𝑥 − 2) is a factor of ઻ (𝑥).⇒ ઻ (𝑥) = (𝑥 − 2)(શ𝑥2 + ષ𝑥 + સ)
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Step 2): Find શ, ષ, and સ via long division.3𝑥2 + 𝑥 − 10𝑥 − 2) 3𝑥3 − 5𝑥2 − 12𝑥 + 20− 3𝑥3 + 6𝑥2𝑥2 − 12𝑥− 𝑥2 + 2𝑥− 10𝑥 + 2010𝑥 − 200− ઻ (𝑥) = (𝑥 − 2)(3𝑥2 + 𝑥 − 10)
Step 3): Factorize quadratic expression.− 3𝑥2 + 𝑥 − 10= 3𝑥2 + 6𝑥 − 5𝑥 − 10= (3𝑥2 + 6𝑥) + (−5𝑥 − 10)= 3𝑥(𝑥 + 2) − 5(𝑥 + 2)= (3𝑥 − 5)(𝑥 + 2)− ઻ (𝑥) = (𝑥 − 2)(𝑥 + 2)(3𝑥 − 5)
b) − ઻ (𝑥) = (𝑥 − 2)(𝑥 + 2)(3𝑥 − 5)𝑥 = 2 or 𝑥 = −2 or 𝑥 = 53− Let ૎ = ્ 2:઼(્) = 3્ 6 − 5્ 4 − 12્ 2 + 20= 3૎3 − 5૎2 − 12૎ + 20− ૎ = 2 − ૎ = −2 − ૎ = 5/3્ 2 = 2 ્ 2 = −2 ્ 2 = 5/3્ = ±√2 (rejected, ્2 < 0) ્ = ±√5/3− ્ = ±√2 or ્ = ±√53

Example 1:
Express 2𝑥 + 6(𝑥 − 1)(𝑥 − 2) in partial fractions.− — (1)2𝑥 + 6(𝑥 − 1)(𝑥 − 2) = જ𝑥 − 1 + ઝ𝑥 − 2

— (2)2𝑥 + 6 = જ(𝑥 − 2) + ઝ(𝑥 − 1)− Sub 𝑥 = 1 into (2):2(1) + 6 = જ(1 − 2) + ઝ(1 − 1)જ = −8− Sub 𝑥 = 2 into (2):2(2) + 6 = જ(2 − 2) + ઝ(2 − 1)ઝ = 10− Sub જ = −8, ઝ = 10 into (1):2𝑥 + 6(𝑥 − 1)(𝑥 − 2) = − 8𝑥 − 1 + 10𝑥 − 2
Example 2:
Express 6(𝑥 − 1)2(𝑥 − 2) in partial fractions.− — (1)6(𝑥 − 1)2(𝑥 − 2) = જ𝑥 − 1 + ઝ(𝑥 − 1)2 + ઞ𝑥 − 2

— (2)6 = જ(𝑥 − 1)(𝑥 − 2) + ઝ(𝑥 − 2) + ઞ(𝑥 − 1)2− Sub 𝑥 = 1 into (2):6 = જ(1 − 1)(1 − 2) + ઝ(1 − 2) + ઞ(1 − 1)2ઝ = −6− Sub 𝑥 = 2 into (2):6 = જ(2 − 1)(2 − 2) + ઝ(2 − 2) + ઞ(2 − 1)2ઞ = 6− Sub 𝑥 = 3 into (2):6 = જ(3 − 1)(3 − 2) + ઝ(3 − 2) + ઞ(3 − 1)2
— (3)6 = 2જ + ઝ + 4ઞ− Sub ઝ = −6, ઞ = 6 into (3):6 = 2જ + (−6) + 4(6)જ = −6− Sub જ = −6, ઝ = −6, ઞ = 6 into (1):6(𝑥 − 1)2(𝑥 − 2) = 6𝑥 − 2 − 6𝑥 − 1 − 6(𝑥 − 1)2
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Example 1:
Express 𝑥3 + 𝑥 + 1(𝑥2 + 1)(𝑥2 + 𝑥 + 1) is partial fractions.− — (1)𝑥3 + 𝑥 + 1(𝑥2 + 1)(𝑥2 + 𝑥 + 1) = જ𝑥 + ઝ𝑥2 + 1 + ઞ𝑥 + ટ𝑥2 + 𝑥 + 1𝑥3 + 𝑥 + 1 = (જ𝑥 + ઝ)(𝑥2 + 𝑥 + 1) + (ઞ𝑥 + ટ)(𝑥2 + 1)= જ𝑥3 + જ𝑥2 + જ𝑥 + ઝ𝑥2 + ઝ𝑥 + ઝ+ ઞ𝑥3 + ઞ𝑥 + ટ𝑥2 + ટ= (જ + ઞ)𝑥3 + (જ + ઝ + ટ)𝑥2+ (જ + ઝ + ઞ)𝑥 + (ઝ + ટ)− Equate coe|cients:

— (2)1 = જ + ઞ
— (3)0 = જ + ઝ + ટ
— (4)1 = જ + ઝ + ઞ
— (5)1 = ઝ + ટ− (3) − (5):0 − 1 = (જ + ઝ + ટ) − (ઝ + ટ)જ = −1

− Sub જ = −1 into (2):1 = −1 + ઞઞ = 2− Sub જ = −1, ઞ = 2 into (4):1 = −1 + ઝ + 2ઝ = 0− Sub ઝ = 0 into (5):1 = 0 + ટટ = 1− Sub જ = −1, ઝ = 0, ઞ = 2, ટ = 1 into (1):𝑥3 + 𝑥 + 1(𝑥2 + 1)(𝑥2 + 𝑥 + 1) = −1𝑥 + 0𝑥2 + 1 + 2𝑥 + 1𝑥2 + 𝑥 + 1= 2𝑥 + 1𝑥2 + 𝑥 + 1 − 𝑥𝑥2 + 1

Example 1:
Express 4𝑥3 − 2𝑥 + 6(𝑥 + 1)(𝑥 − 1) as proper partial fractions.

Step 1): Perform long division.− 4𝑥3 − 2𝑥 + 6(𝑥 + 1)(𝑥 − 1) = 4𝑥3 − 2𝑥 + 6𝑥2 − 14𝑥𝑥2 − 1) 4𝑥3 − 2𝑥 + 6− 4𝑥3 + 4𝑥2𝑥 + 6− 4𝑥3 − 2𝑥 + 6(𝑥 + 1)(𝑥 − 1) = 4𝑥 + 2𝑥 + 6(𝑥 + 1)(𝑥 − 1)
Step 2): Perform partial fractions.− 2𝑥 + 6(𝑥 + 1)(𝑥 − 1) = જ𝑥 + 1 + ઝ𝑥 − 12𝑥 + 6 = જ(𝑥 − 1) + ઝ(𝑥 + 1)− Sub 𝑥 = 1 into (2):2(1) + 6 = જ(1 − 1) + ઝ(1 + 1)ઝ = 4− Sub 𝑥 = −1 into (2):2(−1) + 6 = જ(−1 − 1) + ઝ(−1 + 1)જ = −2− Sub જ = −2, ઝ = 4 into (1):2𝑥 + 6(𝑥 + 1)(𝑥 − 1) = −2𝑥 + 1 + 4𝑥 − 1
Step 3): Combine the results.− 4𝑥3 − 2𝑥 + 6(𝑥 + 1)(𝑥 − 1) = 4𝑥 + 4𝑥 − 1 − 2𝑥 + 1
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