
Math Hawker Digest Secondary 3
AdditionalMathematics – Lines
1. Coordinate Geometry 2. Lines 3. Circles

Example 1:
Find the coordinates of the midpoint of the line segment that joins𝑃(3, 1) and બ(−2, 5).− Midpoint𝑃બ = (ૌ1 + ૌ22 , ્1 + ્22 )= (3 + (−2)2 , 1 + 52 )= (12 , 3)

Example 2:
Given ન(6, 3) is the midpoint of the line segment that joins 𝑃(શ, −2) andબ(9, ષ), ~nd શ and ષ. − (શ + 92 , −2 + ષ2 ) = (6, 3)− શ + 92 = 6શ = 3− −2 + ષ2 = 3ષ = 8

Example 3:જ(4, −5), ઝ(9, 3), and ઞ(0, 6) are vertices of a rhombus જઝઞટ.
a) Find the midpoint ન of જઞ.
b) Find the coordinates of D.
c) Find the area of rhombus જઝઞટ.

a) − ન = (4 + 02 , −5 + 62 ) = (2, 12)
b) − Let ટ = (ૌટ , ્ટ)(9 + ૌટ2 , 3 + ્ટ2 ) = (2, 12)− 9 + ૌટ2 = 2ૌટ = −5− 3 + ્ટ2 = 12્ટ = −2− ટ = (−5, −2)
c) − જઞ = √(4 − 0)2 + (−5 − 6)2= 11.7 units− ઝટ = √[9 − (−5)]2 + [3 − (−2)]2 = 14.8 units− Areaજઝઞટ = 12 × 11.7 × 14.8 = 87.0 units2

Example 1:
Find the area of the triangle with vertices જ(−6, 3), ઝ(2, 4), and ઞ(9, 1).− Areaજઝઞ = 12 × | ૌજ ૌઝ ૌઞ ૌજ્જ ્ઝ ્ઞ ્જ |

= 12 | −6 2 9 −63 4 1 3 |= 12 |[(−6)(4) + (2)(1) + (9)(3)]− [(3)(2) + (4)(9) + (1)(−6)]|= 12 |−24 + 2 + 27 − 6 − 36 + 6|= 12 |−31|= 312= 15.5 units2
Example 2:
Find the area of the quadrilateral with vertices જ(14, 4), ઝ(13, 7),ઞ(−12, 8), and ટ(−9, 0).

Step 1): Plot quadrilateral to determine order of vertices.
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Step 2): Apply the Shoelace Method.

Areaજઝઞટ = 12 | 14 13 −12 −9 144 7 8 0 4 |= 12 |[(14)(7) + (13)(8) + (−12)(0) + (−9)(4)]− [(4)(13) + (7)(−12) + (8)(−9) + (0)(14)]|= 12 |98 + 104 + 0 − 36 − 52 + 84 + 72 − 0|= 135 units2
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Secondary 3 - Additional Mathematics Lines

Example 1:
The coordinates of 5 points are જ(−1, −1), ઝ(2, 2), ઞ(2, 5), ટ(4, 9), andઠ(6, 0).
a) Identify 2 sets of collinear points.
b) Find the angle between the lines formed by the 2 sets of points.

a) − Choose point જ(−1, −1) as the reference point.− ુજઝ = −1 − 2−1 − 2 = 1− ુજઞ = −1 − 5−1 − 2 = 2 − ુજટ = −1 − 9−1 − 4 = 2− ુજઠ = −1 − 0−1 − 6 = 17− ુજઞ = ુજટ⇒ Points જ, ઞ, and ટ are collinear. Points ઝ and ઠ are collinear.

b) − ુઝઠ = 2 − 02 − 6 = −12 = − 1ુજઞટ⇒ ઝઠ ⟂ જઞટ⇒ The angle between the lines is 90∘.
Example 2:
Given 4 points જ(1, 2), ઝ(િ + 3, િ + 4), ઞ(2િ + 1, િ + 6), andટ(3િ + 5, િ + 8), ~nd the value of િ such that
a) જઝ is parallel to ઞટ.
b) જ, ઝ, and ઞ are collinear.

a) − જઝ ∥ ઞટ⇒ ુજઝ = ુઞટ2 − (િ + 4)1 − (િ + 3) = (િ + 6) − (િ + 8)(2િ + 1) − (3િ + 5)−િ − 2−િ − 2 = −2−િ − 4િ = −2

b) − Choose point જ(1, 2) as the reference point.− Points જ, ઝ, and ઞ are collinear.⇒ ુજઝ = ુઝઞ2 − (િ + 4)1 − (િ + 3) = (િ + 4) − (િ + 6)(િ + 3) − (2િ + 1)−િ − 2−િ − 2 = −2−િ + 2િ = 4

Example 1:
Find the equation of a line that passes through the points જ(−2, −9) andઝ(−4, 1). − ુ = −9 − 1−2 − (−4) = −5− ્ − ્જ = ુ(ૌ − ૌજ)્ − (−9) = −5[ૌ − (−2)]્ = −5ૌ − 19

Example 2:
Find the equation of the perpendicular bisector of the line segment join-
ing જ(0, 7) and ઝ(3, 2.5).− ુજઝ = 7 − 2.50 − 3 = −32− ુbisector = − 1ુજઝ = 23− Midpoint = (0 + 32 , 7 + 2.52 )= (32 , 194 )− ્ − 194 = 23 (ૌ − 32)્ = 23ૌ + 154
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Secondary 3 - Additional Mathematics Lines

Example 1:
For each of the following equations, where શ, ષ, સ, હ , and િ are con-
stants and ૌ and ્ are variables, transform them into the linear form઴ = જળ + ઝ.
a) શૌ + ષ્ = ૌ2્
c) ્ = ૌ3શ + ષૌ b) ્ = ૌ3 + શૌ2 + ષ

d) ્ = શૌ ષસ + હ઺−િૌ
a) − શૌ + ષ્ = ૌ2્શ + ષ ૌ્ = ૌ્ૌ્ = ષ ૌ્ + શ
b) − ્ = ૌ3 + શૌ2 + ષ્ − ૌ3 = શૌ2 + ષ
c) − ્ = ૌ3શ + ષૌશ + ષૌ = ૌ 3્ૌ 3્ = ષૌ + શ

d) − ્ = શૌ ષસ + હ઺−િૌ1્ = સ + હ઺−િૌશૌ ષૌ ષ્ = સશ + હશ ઺−િૌ
ln (ૌ ષ્ − સશ ) = ln (હશ ઺−િૌ)
ln (ૌ ષ્ − સશ ) = ln (હશ ) − િૌ
ln (ૌ ષ્ − સશ ) = −િૌ + ln (હશ )

Example 2:
Scientist Rebecca is studying the cooling of a cup of co{ee. According
to Newton’s Law of Cooling, the temperature ય ∘ઞ of the co{ee at timeૈ minutes follows the equationય = ય૆ + (ય0 − ય૆ )઺−િૈ
where ય0 is the initial temperature of the co{ee, ય૆ is the room tempera-
ture, and િ is a cooling constant.
Rebecca records that the co{ee starts at 90∘ઞ in a room at 25∘ઞ. After10 minutes, the temperature is 60∘ઞ.
a) Represent the equation in a linear form ઴ = જળ + ઝ given the ini-
tial conditions.
b) Determine the cooling constant િ.
c) Predict the temperature of the co{ee after 20 minutes.

a) − — (1)ય = ય૆ + (ય0 − ય૆ )઺−િૈ− Sub ય0 = 90 and ય૆ = 25 into (1):ય = 25 + (90 − 25)઺−િૈય − 25 = 65઺−િૈ
ln(ય − 25) = ln(65઺−િૈ )
ln(ય − 25) = ln(65) + ln(઺−િૈ)
ln(ય − 25) = ln(65) − િૈ

— (2)ln(ય − 25) = −િૈ + ln(65)
b) − Sub ૈ = 10 and ય = 60 into (2):

ln(60 − 25) = −િ(10) + ln(65)િ = ln(65) − ln(35)10 = 0.0619
c) − Sub ૈ = 20 and િ = 0.0619 into (2):

ln(ય − 25) = −(0.0619)(20) + ln(65)ય = 25 + ઺ln(65)−0.124 = 43.8∘ઞ

Example 3:
The velocity ૊ m/s of a liquid �owing through a pipe is related to the
radius ૆ of the pipe by the equation૊ = િ૆ ૂ
where િ and ૂ are constants that depend on �uid and pipe type.
a) Represent the equation in a linear form ઴ = જળ + ઝ.
Engineer Iris conducts experiments and obtains the following measure-
ments. ૆ 0.5 1.0 2.0૊ 1.8 4.3 9.7

ln(૆)
ln(૊)

b) Fill in the missing values in the table and plot a line using the data.
c) Determine the values of િ and ૂ.
d) Predict the velocity when the pipe radius is 3.0 m.

a) − ૊ = િ૆ ૂ
ln(૊) = ln(િ૆ ૂ)
ln(૊) = ln(િ) + ln(૆ ૂ)
ln(૊) = ૂ ln(૆) + ln(િ)

b) ૆ 0.5 1.5 2.0૊ 1.8 4.3 9.7
ln(૆) −0.693 0.405 0.693
ln(૊) 0.588 1.95 2.27

−1 −0.5 0.5 1
1
2
3

ln(૆)

ln(૊)

c) − િ = ઺્-intersect ≈ ઺1.46 = 4.3− ૂ = gradient = 2.27 − 0.5880.693 − (−0.693) = 1.21
d) − ln(3.0) = 1.10− ૊3.0 ≈ ઺2.79 = 16.3
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Example 1:
Find the center coordinates and radius of the circle2ૌ2 + ્ 2 + 8ૌ − 3્ − 5 = 0.− 2ૌ2 + ્ 2 + 8ૌ − 3્ − 5 = 0[2ૌ2 + 8ૌ] + [્ 2 − 3્] = 52[(ૌ + 2)2 − 22] + [(્ − 32)2 − (32)2] = 52(ૌ + 2)2 − 8 + (્ − 32)2 − 94 = 52(ૌ + 2)2 + (્ − 32)2 = 5 + 8 + 942(ૌ + 2)2 + (્ − 32)2 = (√612 )2− Center: (−2, 32)− Radius: √612

Example 2:
The points જ(6, −7) and ઝ(8, 4) lie on the circumference of a circle.
Given that જઝ forms the diameter, ~nd the radius and center coordinates
of the circle. − Midpoint = (6 + 82 , −7 + 42 ) == (7, −32)− Diameter = √(6 − 8)2 + (−7 − 4)2 = √125− Center: (7, −32)− Radius: √1252

Example 3:
A circle that passes through the points જ(8, 6) and ઝ(4, 10). The circle
center lies on the line ્ = −2ૌ + 17. Find the equation of the circle.− — (1)(ૌ − શ)2 + (્ − ષ)2 = ૆2− — (2)્ = −2ૌ + 16− Sub (ૌ, ્) = (8, 6) into (1):(8 − શ)2 + (6 − ષ)2 = ૆2

— (3)શ2 − 16શ + ષ2 − 12ષ + 100 = ૆2− Sub (ૌ, ્) = (4, 10) into (1):(4 − શ)2 + (10 − ષ)2 = ૆2
— (4)શ2 − 8શ + ષ2 − 20ષ + 116 = ૆2− (3) − (4):− 16શ + 8શ − 12ષ + 20ષ + 100 − 116 = 0− 8શ + 8ષ − 16 = 0ષ = શ + 2− Sub ૌ = શ and ્ = ષ = શ + 2 into (2):શ + 2 = −2શ + 16શ = 5ષ = 5 + 2 = 7− Sub (શ, ષ) = (5, 7) and (ૌ, ્) = (8, 6) into (1):(8 − 5)2 + (6 − 7)2 = ૆210 = ૆2૆ = √10 (radius can’t be negative)− The equation of circle is (ૌ − 5)2 + (્ − 7)2 = 10.

Example 4:
The equation of a circle is given by (ૌ − 2)2 + (્ + 3)2 = 25. A point𝑃(5, −7) lies on the circle.
a) Find the equation of the tangent to the circle at 𝑃
b) Determine whether the line ્ = 43ૌ − 173 is a tangent to the circle.

a) − ુradius = −7 − (−3)5 − 2 = −43− ુtangent = − 1ુradius
= 34− ્ − 1 = 34 (ૌ − 5)્ = 34ૌ − 114

b) − — (1)્ = 43ૌ − 173− — (2)(ૌ − 2)2 + (્ + 3)2 = 25− Sub (1) into (2):(ૌ − 2)2 + [(43ૌ − 173 ) + 3]2 = 25(ૌ − 2)2 + (43ૌ − 83)2 = 25(ૌ − 2)2 + 4232 (ૌ − 2)2 = 25(ૌ − 2)2 (1 + 169 ) = 25(ૌ − 2)2 = 9ૌ = −1 or ૌ = 5⇒ Line intersects the circle at 2 points.⇒ Line is not a tangent.
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