
Math Hawker Digest Secondary 3
AdditionalMathematics – Trigonometry
1. Foundations 2. Angles 3. Identities

Example 1:
A curve has the equation 𝑦 = 5 sin(2൑) − 3.
a) State its amplitude, range, and period.
b) State the maximum and minimum points within 0∘ ≤ ൑ ≤ 360∘.
c) Plot its graph for 0∘ ≤ ൑ ≤ 360∘.

a) − The amplitude is 5.− The range is −8 ≤ 𝑦 ≤ 2.− The period is 360∘2 = 180∘.
b) − The maximum points are (45∘, 2) and (225∘, 2).− The minimum points are (135∘, −8) and (315∘, −8).
c)
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𝑦

Example 1:
a) Which quadrant does the angle 200∘ lie?

b) Which quadrant does the angle −7൙3 rad lie?

a) − 200∘ is in range (180∘, 270∘)⇒ Angle lies in Quadrant 3.

b) − −7൙3 × 180∘൙ = −420∘ (convert to degrees)− −420∘ + 2 × 360∘ = 300∘ (translate to 0∘ ≤ ൑ ≤ 360∘)− 300∘ is in range (270∘, 370∘)⇒ Angle lies in Quadrant 4.

Example 2:
If sin(൑) = 0.866 and cos(൑) < 0, ~nd ൑ .− sin(൑) = 0.866൑ = 60∘ (Quadrant 1) or ൑ = 120∘ (Quadrant 2)− cos(൑) < 0 and ൑ is in Quadrant 2 or 3.⇒ ൑ = 120∘

Example 3:
Chloe is trying to determine where her cruise ship is heading. She ob-
serves the North Star and con~rms that the ship is traveling somewhere
northward. If she knows that sin(൑) = 0.6, where ൑ is the bearing of the
ship (measured clockwise from the north), in which direction is the ship
heading?− sin(൑) = 0.6൑ = 36.9∘ (north-east) or ൑ = 143∘ (south-east)− Ship is heading somewhere north.⇒ The ship is traveling at a bearing of ൑ = 36.9∘.
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Example 1:
Simplify the following expressions, leaving them in surd form.
a) sin(30∘) + cos(60∘)
c) sec (൙6 ) + cos2 (൙6 )
e)

sec(30∘)
csc(30∘) + cot(30∘)

b) tan2(30∘) − cos2(60∘)
d)

tan(60∘) + tan(45∘)1 − tan(60∘) tan(45∘)
a) − sin(30∘) + cos(60∘)= 12 + 12= 1
b) − tan2(30∘) − cos2(60∘)= (√33 )2 − (12)2= 39 − 14= 112
c) − sec (൙6 ) + cos2 (൙6 )= 2√3 + (√32 )2= 8√3 + 3 × 312= 9 + 8√33

d) − tan(60∘) + tan(45∘)1 − tan(60∘) tan(45∘)= √3 + 11 − (√3 × 1)= (√3 + 1)(1 + √3)(1 − √3)(1 + √3)= 4 + 2√3−2= −2 − √3
e) − sec(30∘)

csc(30∘) + cot(30∘)= 1
cos(30∘)1
sin(30∘) + cot(30∘)= tan(30∘) + cot(30∘)= 1√3 + √3= 4√33

Example 2:
a) Given that sin(൑) = 513 where ൑ is an obtuse angle, ~nd cot(൑).− sin(൑) = Opp

Hyp
= 513− Adj = ±√Hyp2 − Opp2= ±√132 − 52= ±12− tan(൑) = Opp

Adj
= ± 512− ൑ is obtuse.⇒ ൑ lies in Quadrant 2.⇒ tan is negative.⇒ tan(൑) = − 512− cot(൑) = 1

tan(൑) = −125
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Example 1:
Given that 2 sin(൑) = √3.
a) Find the principal value (൑∗) of ൑ , expressed in radians.
b) Find all values of ൑ within the range −2൙ ≤ ൑ ≤ 2൙ .

a) − 2 sin(൑) = √3
sin(൑) = √32− ൑∗ = sin−1 (√32 ) = ൙3

b) − ൑1 = ൙ − ൑∗ = 2൙3 (dual solution)− (൑2, ൑3) = (൑∗, ൑1) − 2൙ (−2൙ ≤ ൑ ≤ 0 cycle)= (−5൙3 , −4൙3 )− Within −2൙ ≤ ൑ ≤ 2൙ ,൑ = −5൙3 , −4൙3 , ൙3 , 2൙3

Example 1:
Prove the identity 1

sec2(൑) + 1
csc2(൑) = 1.− 1

sec2(൑) + 1
csc2(൑) = cos2(൑) + sin2(൑) = 1

Example 2:
Given that tan2(൑) = 35 , ~nd exactly sin2(൑).− cot2(൑) = 1

tan2(൑) = 53− csc2(൑) = 1 + cot2(൑) = 1 + 53 = 83− sin2(൑) = 1
csc2(൑) = 38

Example 3:
Given that sec(൑) − tan(൑) = ૌ , prove that sec(൑) + tan(൑) = 1ૌ .− sec(൑) + tan(൑)= 1

cos(൑) + sin(൑)
cos(൑)= 1 + sin(൑)

cos(൑) × 1 − sin(൑)1 − sin(൑)= 1 − sin2(൑)
cos(൑)[1 − sin(൑)]= cos2(൑)
cos(൑)[1 − sin(൑)]= cos(൑)1 − sin(൑)= [ 1
cos(൑) − sin(൑)

cos(൑) ]−1= [sec(൑) − tan(൑)]−1= 1ૌ

Example 1:
Evaluate the following exactly.

a) sin(105∘) b)
1 + tan(15∘)1 − tan(15∘)

a) − sin(105∘)= cos(105∘ − 90∘)= cos(60∘ − 45∘)= cos(60∘) cos(45∘) + sin(60∘) sin(45∘)= 12 √22 + √32 √22= (1 + √3)√22
b) − 1 + tan(15∘)1 − tan(15∘)= tan(45∘) + tan(15∘)1 − tan(45∘) tan(15∘) (tan(45∘) = 1)= tan(45∘ + 15∘)= tan(60∘)= √3

Example 2:
Given that sin(൑) = 35 and cos(൧) = 513 , where ൑ and ൧ are principal val-
ues, ~nd exactly the following expression.
a) sin(൑ + ൧) b) tan(൑ + ൧)− sin(൑) = Opp൑

Hyp൑ = 35
Adj൑ = √52 − 32 = 4− cos(൧) = Adj൧

Hyp൧ = 513
Opp൧ = √132 − 52 = 12

a) − cos(൑) = 45 sin(൧) = 1213− sin(൑ + ൧)= sin(൑) cos(൧) + cos(൑) sin(൧)= (35 513) + (45 1213)= 6365

b) − tan(൑) = 34 tan(൧) = 125− tan(൑ + ൧)= tan(൑) + tan(൧)1 − tan(൑) tan(൧)= 34 + 1251 − 34 125= 6320−1620= −6316
Example 3:
Prove that cos(൑ + ൧) cos(൑ − ൧) = cos2(൑) − sin2(൧).− cos(൑ + ൧) cos(൑ − ൧)= [cos(൑) cos(൧) − sin(൑) sin(൧)][cos(൑) cos(൧) + sin(൑) sin(൧)]= [cos(൑) cos(൧)]2 − [sin(൑) sin(൧)]2= cos2(൑) cos2(൧) − sin2(൑) sin2(൧)= cos2(൑)[1 − sin2(൧)] − [1 − cos2(൑)] sin2(൧)= cos2(൑) − cos2(൑) sin2(൧) − sin2(൧) + cos2(൑) sin2(൧)= cos2(൑) − sin2(൧)
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Example 1:
Solve the equation 4 cos(2൑) + 5 sin(൑) − 2 = 0 for 0 ≤ ൑ ≤ 2൙ .− 4 cos(2൑) + 5 sin(൑) − 2 = 04[1 − 2 sin2(൑)] + 5 sin(൑) − 2 = 08 sin2(൑) − 5 sin(൑) − 2 = 0

sin(൑) = −(−5) ± √(−5)2 − 4(8)(−2)2(8)= 5 ± √8916
sin(൑) = −0.277 or sin(൑) = 0.902− ൑ = sin−1(−0.277) = −0.281 (Quadrant 4)൑ = −0.281 + 2൙ = 6.01 (0 ≤ ൑ ≤ 2൙)൑ = 3൙ − (6.01) = 3.42 (Quadrant 3)− ൑ = sin−1(0.902) = 1.12 (Quadrant 1)൑ = ൙ − 1.12 = 2.02 (Quadrant 2)− ൑ = 1.12, 2.02, 3.42, 6.01

Example 2:
Prove the following identities.

a)
sin(൑) cos(൑)

cos2(൑) − sin2(൑) = 12 tan(2൑).
c) tan(3൑) = 3 tan(൑) − tan2(൑)1 − 3 tan2(൑) b)

1 − tan2(൑)1 + tan2(൑) = cos(2൑)
a) − sin(൑) cos(൑)

cos2(൑) − sin2(൑)= 12 2 sin(൑) cos(൑)
cos2(൑) − sin2(൑)= 12 sin(2൑)
cos(2൑)= 12 tan(2൑)

b) − 1 − tan2(൑)1 + tan2(൑)= 1 − sin2(൑)
cos2(൑)1 + sin2(൑)
cos2(൑)= 1 − sin2(൑)
cos2(൑)1 + sin2(൑)
cos2(൑)= cos2(൑) − sin2(൑)
cos2(൑)

cos2(൑) + sin2(൑)
cos2(൑)= cos2(൑) − sin2(൑)

cos2(൑) + sin2(൑)= cos(2൑)1= cos(2൑)

c) − tan(3൑)= tan(൑ + 2൑)= tan(൑) + 2 tan(൑)1 − tan2(൑)1 − tan(൑) 2 tan(൑)1 − tan2(൑)= 3 tan(൑) − tan3(൑)1 − tan2(൑)1 − 3 tan2(൑)1 − ૈશૂ2(൑)= 3 tan(൑) − tan3(൑)1 − 3 tan2(൑)

Example 1:
Express 𝑦 = 7 cos(൑) + 24 sin(൑) in the form of 𝑦 = ભ sin(൑ − ൊ), whereભ > 0. Hence, ~nd the coordinates of the maximum and minimum
points within 0 ≤ ൑ ≤ 2൙ .− ભ = √72 + 242 = 25ൊ = tan−1 (247 ) = 1.29𝑦 = 25 sin(൑ − 1.29)− Maximum occurs at sin(൑ − ൊ) = 1.𝑦max = ભ = 25൑max − ൊ = sin−1(1) = ൙2൑max = ൙2 + 1.29 = 2.86(൑max, 𝑦max) = (2.86, 25)− Minimum occurs at sin(൑ − ൊ) = −1.𝑦min = −ભ = −25൑min − ൊ = sin−1(−1) = −൙2൑min = −൙2 + 1.29 = −0.284൑min = −0.284 + 2൙ = 6.00 (0 ≤ ൑ ≤ 2൙)(൑min, 𝑦min) = (6.00, −25)

Example 2:
Prove that શ sin(൑) + ષ cos(൑) = ભ sin(൑ + ൊ), where ભ = √શ2 + ષ2 is a
valid choice.

Step 1): Expand the right-hand side.− ભ sin(൑ + ൊ) = ભ(sin(൑) cos(ൊ) + cos(൑) sin(ൊ))
— (1)= ભ cos(ൊ) sin(൑) + ભ sin(ൊ) cos(൑)− શ sin(൑) + ષ cos(൑) = ભ cos(ൊ) sin(൑) + ભ sin(ൊ) cos(൑)

Step 2): Equate coe|cients.− શ = ભ cos(ൊ) − ષ = ભ sin(ൊ)
— (2)cos(ൊ) = શભ — (3)sin(ൊ) = ષભ

Step 3): Continue from (1) using derived equations (2) and (3).ભ sin(൑ + ൊ) = ભ cos(ൊ) sin(൑) + ભ sin(ൊ) cos(൑)= ભ ( શભ) sin(൑) + ભ ( ષભ) cos(൑)= શ sin(൑) + ષ cos(൑)
Step 4): Show that ભ = √શ2 + ષ2 is valid.− (2)2 + (3)2:

cos2(ൊ) + sin2(ൊ) = શ2ભ2 + ષ2ભ2ભ2[cos2(ൊ) + sin2(ൊ)] = શ2 + ષ2ભ2 = શ2 + ષ2ભ = √શ2 + ષ2 is a valid choice.
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Example 3:
A particle moves along a straight line such that its displacement at timeૈ seconds is given by ૌ = 8 cos(2ૈ) + 6 sin(2ૈ).
a) Express ૌ in the form ભ sin(2ૈ + ൊ), where ભ > 0.
b) Determine the maximum displacement of the particle.
c) Find the ~rst time at which the displacement is maximum.

a) − ભ = √82 + 62 = 10ൊ = tan−1 (68) = 0.644 radૌ = 10 sin(2ૈ + 0.644) units

b) − ૌmax = ભ = 10 units

c) − sin(2ૈ + 0.644) = 12ૈ + 0.644 = ൙2ૈ = 0.464 seconds
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