
Math Hawker Digest Secondary 3
ElementaryMathematics – Geometry part I
1. Triangle Trigonometry 2. Wave Trigonometry 3. Triangle Geometry

Example 1:
In △𝐴𝐵ઞ, 𝐵ઞ = 5 m, 𝐴𝐵 = 4 m, and ∠ઞ𝐴𝐵 = 90∘.
a) Find length ઞ𝐴. b) Find ∠𝐴𝐵ઞ.

𝐴 𝐵
ઞ

4 m

5 m

a) − શ2 + ષ2 = સ2ઞ𝐴2 + 42 = 52ઞ𝐴 = ±√9 = 3 m (length can’t be negative)

b) − sin(൑) = Opp
Hyp

cos(∠𝐴𝐵ઞ) = 45∠𝐴𝐵ઞ = cos−1 (45) = 36.87∘
Example 2:
In quadrilateral 𝐴𝐵ઞટ, 𝐴ફઞ is a straight line, 𝐵બ = 4 m, ફટ = 3 m,∠𝐵ઞબ = 60∘, ∠ટ𝐴ફ = 45∘, and ∠𝐴𝐵ઞ = ∠𝐵બ𝐴 = ∠ટફઞ = 90∘. Find
the total area of 𝐴𝐵ઞટ.

𝐴 𝐵
ઞટ

ફ
બ3 m 4 m45∘ 60∘

Step 1): Find area of △𝐴ફટ.− 𝐴ફ = 3 m (isos. △)− Area△𝐴ફટ = 12 × Base × Height= 12 × 3 × 3= 4.5 m2
Step 2): Find area of △𝐴𝐵ઞ.− sin(60∘) = 4𝐵ઞ𝐵ઞ = 4.62 m− tan(60∘) = 𝐴𝐵4.62𝐴𝐵 = 8 m− Area△𝐴𝐵ઞ = 12 × 8 × 4.62 = 18.48 m2
Step 3): Find area of △ફઞટ.− sin(60∘) = 8𝐴ઞ𝐴ઞ = 9.24 m− ફઞ = 9.24 − 3 = 6.24 m− Area△ફઞટ = 12 × 6.24 × 3 = 9.36 m2
Step 4): Sum up areas.− Area𝐴𝐵ઞટ = Area△𝐴ફટ + Area△𝐴𝐵ઞ + Area△ફઞટ= 4.5 + 18.48 + 9.36= 32.34 m2

Example 3:
Siddarth wants to estimate the radius of the Earth. He climbs to the top
of Burj Khalifa, ℎ = 828 m tall, and looks to the horizon હ km away
from him.
a) Derive an equation for ભ in terms of હ and ℎ.
b) If he estimates હ to be 100 km, estimate ભ.
c) Calculate the angle subtended at the Earth’s center between the
horizon and Siddarth.

a) − (ભ + ℎ)2 = ભ2 + હ2ભ2 + 2ℎભ + ℎ2 = ભ2 + હ22ℎભ = હ2 − ℎ2ભ = હ2 − ℎ22ℎ
b) − ભ = 1002 − 0.82822 × 0.828 = 6038 km

c) − sin(൑) = 1006038 + 0.828൑ = 0.95∘
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Secondary 3 - Elementary Mathematics Geometry

Example 1:
In △𝐴𝐵ઞ, 𝐴𝐵 = 2.5 m, ઞ𝐴 = 5 m, and ∠ઞ𝐴𝐵 = 27.1∘. Find its area.

𝐴 𝐵
ઞ

2.5 m

5 m27.1∘
− Area△𝐴𝐵ઞ = 12શષ sin(ઞ)= 12 × 5 × 2.5 × sin(27.1∘)= 2.85 m2

Example 2:
In △𝐴𝐵ઞ, 𝐵ઞ = 9 m, ઞ𝐴 = 10 m, and ∠𝐴𝐵ઞ = 59∘. Find its area.

𝐴 𝐵
ઞ 9 m10 m 59∘

− શ
sin(𝐴) = ષ

sin(𝐵)10
sin(59∘) = 9

sin(∠ઞ𝐴𝐵)∠ઞ𝐴𝐵 = sin−1 [ 910 sin(59∘)] = 50.5∘− ∠𝐵ઞ𝐴 = 180∘ − 59∘ − 50.5∘ = 70.5∘− Area△𝐴𝐵ઞ = 12 × 10 × 9 × sin(70.5∘) = 42.4 m2
Example 3:
In the parallelogram 𝐴𝐵ઞટ, ઞટ = 8 m, ટ𝐴 = 5 m, and ∠ટ𝐴𝐵 = 45∘.
a) Find length 𝐵ટ.
b) Find the area of parallelogram 𝐴𝐵ઞટ.

𝐴 𝐵
ઞટ 8 m5 m 45∘

a) − 𝐴𝐵 = ઞટ = 8 m (opp. sides are congruent)− સ2 = શ2 + ષ2 − 2શષ cos(ઞ)𝐵ટ2 = 52 + 82 − 2 × 5 × 8 × cos(45∘)𝐵ટ = 5.69 m

b) − Area△𝐴𝐵ટ = 12 × 5 × 8 × sin(45∘) = 14.14 m2− Area𝐴𝐵ઞટ = 2 × Area△𝐴𝐵ટ = 28.28 m2

Example 1:
In the ~gure below, 𝐴𝐵ટ is a straight line, 𝐵ઞ = 15 m, ઞ𝐴 = 8 m,∠ઞ𝐴𝐵 = 90∘.
a) Find sin ∠ઞ𝐵ટ. b) Find cos ∠ઞ𝐵ટ.

𝐴 𝐵
ઞ

ટ17 m8 m

a) − sin(∠ઞ𝐵ટ) = sin(180∘ − ∠ઞ𝐵ટ)= sin(∠𝐴𝐵ઞ)= 817
b) − 𝐴𝐵 = √172 − 82 = 15 m− cos(∠ઞ𝐵ટ) = − cos(180∘ − ∠ઞ𝐵ટ)= − cos(∠𝐴𝐵ઞ)= −1517
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Secondary 3 - Elementary Mathematics Geometry

Example 1:
Solve for 0∘ < ൑ < 180∘ in each of the following equations.
a) sin(൑ − 25∘) = 0.6
c) cos(2൑ + 15∘) = 0.3 b) cos(൑ + 5∘) = −0.4

a) − sin(൑ − 25∘) = 0.6൑ − 25∘ = 36.87∘ or ൑ − 25∘ = 180∘ − 36.87∘൑ = 61.87∘ or 168.13∘
b) − cos(൑ + 5∘) = −0.4൑ + 5∘ = 113.58∘ or ൑ + 5∘ = 360∘ − 113.58∘൑ = 108.58∘ or ൑ = 241.42∘ (rejected, 241.42∘ > 180∘)
c) − cos(2൑ + 15∘) = 0.32൑ + 15∘ = 72.54∘ or 2൑ + 15∘ = 360∘ − 72.54∘൑ = 28.77∘ or ൑ = 136.23∘

Example 1:
The ~gure shows the position of પ, 𝐴, and 𝐵. Find the bearings of
a) 𝐴 from પ,
c) પ from 𝐴,

b) 𝐵 from પ,
d) પ from 𝐵.

e) Given that 𝐴 and 𝐵 are equidistant from પ, ~nd the bearing of 𝐵
from 𝐴.

N

S

EW O

N𝐴

N𝐵

𝐴

𝐵 75∘ 53∘

a) − Bearing𝐴પ = 90∘ − 53∘ = 37∘
b) − Bearing𝐵પ = 180∘ + 75∘ = 255∘
c) − Bearingપ𝐴 = 180∘ + (90∘ − 53∘) = 217∘
d) − Bearingપ𝐵 = 90∘ − (90∘ − 75∘) = 75∘
e) − ∠𝐵પ𝐴 = ∠𝐵પ઩ + ∠઩પ𝐴= (180∘ − 75∘) + 37∘= 142∘− ∠પ𝐴𝐵 = 180∘ − 142∘2 (isos. △)= 19∘− Bearing𝐵𝐴 = Bearing𝐴પ + ∠પ𝐴𝐵= 217∘ + 19∘= 236∘

Example 2:
A coast guard station મ detects two distress signals from separate boats,𝐴 and 𝐵. Boat 𝐴 is located 15 km from the station on a bearing of 130∘.
Boat 𝐵 is located 25 km from the station on a bearing of 205∘.
a) Determine the distance between the two boats.
b) Find the bearing of Boat 𝐵 from Boat 𝐴.
A rescue helicopter is dispatched from the station, �ying at 180 km/h.
The helicopter will drop a survival kit at a point ન , which is midway
between Boat 𝐴 and Boat 𝐵.
c) Determine the time the helicopter takes to reach point ન .

Nમ
N𝐴

N𝐵 𝐴
𝐵 ન

130∘205∘

a) − ∠𝐴મ𝐵 = 205∘ − 130∘ = 75∘− 𝐴𝐵2 = 152 + 252 − 2 × 15 × 25 × cos 75∘𝐴𝐵 = 25.6 km

b) − 25.6
sin(75∘) = 25

sin(∠𝐵𝐴મ)∠𝐵𝐴મ = 70.5∘− Bearing𝐵𝐴 = 360∘ − (90∘ − 40∘) − 70.5∘ = 239.5∘
c) − મન2 = (25.62 )2 + 152 − 2 × 25.62 × 15 × cos 70.5∘મન = 16.2 km− Time Taken = 16.2180= 0.08976 hours= 5 minutes 23 seconds
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Secondary 3 - Elementary Mathematics Geometry

Example 1:
In △𝐴𝐵ઞ, 𝐵ઞ = 5 m, ∠𝐴𝐵ઞ = 22.3∘, and ∠ઞ𝐴𝐵 = 130.5∘. In △ળ઴વ ,઴વ = 5 m, ∠ળ઴વ = 22.3∘, and ∠વળ઴ = 130.5∘. Prove that △𝐴𝐵ઞ and△ળ઴વ are congruent.

𝐴 𝐵
ઞ 5 m130.5∘ 22.3∘

ળ઴
વ5 m

130.5∘22.3∘
− 𝐵ઞ = ઴વ = 5 m− ∠𝐴𝐵ઞ = ∠ળ઴વ = 22.3∘− ∠ઞ𝐴𝐵 = ∠વળ઴ = 130.5∘∴ △𝐴𝐵ઞ ≅ △ળ઴વ (AAS congruence test)

Example 2:
In △𝐴𝐵ઞ, 𝐴𝐵 = 12 m, 𝐵ઞ = 9 m, ∠𝐵ઞ𝐴 = 86.5∘, and ∠ઞ𝐴𝐵 = 48.5∘.
In △ળ઴વ , ળ઴ = 12 m, ઴વ = 9 m, and ∠ળ઴વ = 45∘. Prove that △𝐴𝐵ઞ
and △ળ઴વ are congruent.

𝐴 𝐵ઞ
12 m

9 m48.5∘86.5∘ ળ
઴

વ
12 m9 m

45∘
− 𝐴𝐵 = ળ઴ = 12 m− 𝐵ઞ = ઴વ = 9 m− ∠𝐴𝐵ઞ = 180∘ − 86.5∘ − 48.5∘ = 45∘∠𝐴𝐵ઞ = ∠ળ઴વ = 45∘∴ △𝐴𝐵ઞ ≅ △ળ઴વ (SAS congruence test)

Example 3:
In △𝐴𝐵ઞ, 𝐴𝐵 = 7 m, 𝐵ઞ = 8 m, and ∠ઞ𝐴𝐵 = 75.5∘. In △ળ઴વ ,ળ઴ = 7 m, ∠ળ઴વ = 46.6∘, and ∠વળ઴ = 75.5∘. Using the SSS con-
gruence test, prove that △𝐴𝐵ઞ and △ળ઴વ are congruent.

𝐴 𝐵
ઞ

7 m

8 m75.5∘
ળ઴

વ
7 m46.6∘75.5∘

Step 1): Find the side lengths of △𝐴𝐵ઞ .− 8
sin(75.5∘) = 7

sin(∠𝐵ઞ𝐴)∠𝐵ઞ𝐴 = sin−1 [ 78 sin(75.5∘)] = 57.9∘− ∠𝐴𝐵ઞ = 180∘ − 75.5∘ − 57.9∘ = 46.6∘− ઞ𝐴2 = 72 + 82 − 2 × 7 × 8 × sin(46.9∘)ઞ𝐴 = 6 m

Step 2): Find the side lengths of △ળ઴વ .− ∠઴વળ = 180∘ − 75.5∘ − 46.6∘ = 57.9∘− 7
sin(57.9∘) = ઴વ

sin(75.5∘) = વળ
sin(46.6∘)઴વ = 7 sin(75.5∘)

sin(57.9∘) = 8 mવળ = 7 sin(46.6∘)
sin(57.9∘) = 6 m

Step 3): Compare respective sides.− 𝐴𝐵 = ળ઴ = 7 m− 𝐵ઞ = ઴વ = 8 m− ઞ𝐴 = વળ = 6 m∴ △𝐴𝐵ઞ ≅ △ળ઴વ (SSS congruence test)
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Secondary 3 - Elementary Mathematics Geometry

Example 1:
In △𝐴𝐵ઞ, 𝐵ફ = ફઞ, ઞબ = બ𝐴. Prove that △𝐴𝐵ઞ is similar to △બફઞ.

𝐴 𝐵
ઞ ફબ

− ∠𝐵ઞ𝐴 = ∠ફઞબ (common angle)− ઞ𝐴 = 2ઞબ𝐵ઞ = 2ફઞફઞ𝐵ઞ = ઞબઞ𝐴 = 12∴ △𝐴𝐵ઞ ∼ △બફઞ (SAS similarity test)

Example 2:
In the ~gure below, 𝐴𝐵 is parallel to ળ઴ . Prove that △𝐴ફ𝐵 is similar to△ળ઴ફ .

𝐴 ફઞ ળ
વ− ∠𝐴ફ𝐵 = ∠઴ફળ (vert. opp. ∠s)− ∠ફ𝐵𝐴 = ∠ફળ઴ (alt. ∠s)∴ △𝐴𝐵ફ ∼ △ળ઴ફ (AA similarity test)

Example 3:
In △𝐴𝐵ઞ, બઞ = 4 m, ઞ𝐴 = 6 m, and ∠𝐴𝐵ઞ = 29∘. In △𝐵ફબ,𝐵ફ = 4 m, ફબ = 6 m, and ∠𝐵ફબ = 104.5∘. Prove that △𝐴𝐵ઞ is simi-
lar to △𝐵ફબ.

A 𝐵
ઞ ફબ6 m 4 m

6 m
4 m

29∘104.5∘
− બ𝐵2 = 62 + 42 − 2 × 6 × 4 × cos(104.5∘)બ𝐵 = 8 m

− 6
sin(29∘) = 8 + 4

sin(∠ઞ𝐴𝐵)
sin(∠ઞ𝐴𝐵) = 0.968
sin(180∘ − ∠ઞ𝐴𝐵) = 0.968 (obtuse ∠)∠ઞ𝐴𝐵 = 104.5∘− ∠𝐵ઞ𝐴 = 180∘ − 29∘ − 104.5∘ = 46.5∘− 𝐴𝐵2 = 62 + 122 − 2 × 6 × 12 × cos(46.5∘)𝐴𝐵 = 9 m− 𝐴𝐵ફબ = 𝐵ઞબ𝐵 = ઞ𝐴𝐵ફ96 = 128 = 64 = 32∴ △𝐴𝐵ઞ ∼ △𝐵ફબ (SSS similarity test)

Example 1:
In the ~gure below, પ𝐴 = પ𝐵 and ∠પ𝐴ફ = ∠ફ𝐵પ = 90∘. Prove that પફ
is an angle bisector of ∠𝐵પ𝐴.

પ 𝐴
ફ𝐵

ൊോ
− પફ is a common side of △પ𝐴ફ and △પફ𝐵.⇒ પ𝐴

cos(ൊ) = પ𝐵
cos(ോ)− પ𝐴 = પ𝐵⇒ પ𝐴

cos(ൊ) = પ𝐴
cos(ോ)⇒ cos(ൊ) = cos(ോ)⇒ ൊ = ോ (acute ∠)∴ પફ is an angle bisector of ∠𝐵પ𝐴.
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Secondary 3 - Elementary Mathematics Geometry

Example 2:
Scientist Alex directs light through an optical ~ber onto a patient’s skin.
The ~ber’s end is positioned ℎ = 1 mm above the skin and is inclined atൊ = 60∘. Assume that the light exits the ~ber at a point with a divergence
angle of ോ = 30∘. In the ~gure below, પભ bisects ∠𝐴પ𝐵.
a) Calculate the illumination width 𝐴𝐵 on the skin.
b) Determine the angles of incidence ൑1 and ൑2 for the upper and
lower divergence rays on the skin, respectively.
Given that the relationship between the angle of incidence ൑ and the
angle of refraction ൧ is

sin ൑ = 1.4 sin ൧
and that the penetration length of light in skin is ૄ = 0.75 mm.
c) Find the angles of refraction ൧1 and ൧2.
d) Hence, determine the area of the quadrilateral 𝐴𝐵ઞટ.

a) − tan (60 − 302 ) = 𝐵બ1𝐵બ = 1 mm− tan (60 + 302 ) = 𝐴બ1𝐴બ = 3.73 mm− 𝐴𝐵 = 3.73 − 1 = 2.73 mm

b) − ൑1 = ∠𝐴પબ = 75∘ (alt. ∠s)− ൑2 = ∠𝐵પબ = 45∘ (alt. ∠s)

c) − sin(75∘) = 1.4 sin(൧1)൧1 = 43.6∘− sin(45∘) = 1.4 sin(൧2)൧2 = 30.3∘
d) − ∠ટ𝐴𝐵 = 43.6∘ + 90∘ = 133.6∘− 𝐵ટ2 = 0.752 + 2.732 − 2 × 0.75 × 2.73 × cos(133.6∘)𝐵ટ = 3.29 mm− ∠𝐴𝐵ઞ = 90 − 30.3∘ = 59.7∘− Area𝐴𝐵ઞટ = Area△𝐴𝐵ટ + Area△𝐵ઞટ= 12 × 0.75 × 2.73 × sin(133.6∘)+ 12 × 3.29 × 0.75 × sin(59.7∘)= 1.81 mm2
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