Math Hawker Digest

Secondary 3

Elementary Mathematics — Geometry partI

1. Triangle Trigonometry

Triangle Trigonometry

Triangles are great! Trigonometry tells
us how the sides and angles of our favourite 3-sided shape work together.

2. Wave Trigonometry

Right-angled Triangles

A summary of key identities and relationships in right-angled tri-
angles.

Trigonometric Ratios

1) sin(d) = :—;‘j = 2
[0}
@ 2) cos(0) = =2 = o
g Hyp c ) (0)
@) _ % _ g _ sin
= A= ad b cos(f)

Complementary Angles
1) sin(0) = cos(90° — )
Pythagorean Theorem 2)  cos(6) = sin(90° — 0)
'O%s +A%'2 =Hcr23 3) tan(9) !

j  Hy —=t=
tan(9)

“SOH CAH TOA” (or “TOA CAH SOH”) is a common mnemonic
that helps students remember how sine, cosine, and tangent re-

late to the opposite, adjacent, and hypotenuse sides of a right-
angled triangle.

Adjacent

Example 1:
In AABC, BC =5m, AB=4m, and ZCAB = 90°.
a)  Find length CA. b) Find ZABC.
C
5m
A 4m B
a) — at+b=c
CA* +4* =52
CA=+J9=3m (length can’t be negative)
O
b) — sin(@) = =
Hyp
cos(LABC) = %
ZABC = cos™! (%) = 36.87°
Example 2:

In quadrilateral ABCD, APC is a straight line, BQ = 4 m, PD = 3 m,
ZBCQ = 60°, ZDAP = 45°, and ZABC = Z/BQA = Z/DPC = 90°. Find
the total area of ABCD.
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3. Triangle Geometry

Step 1):  Find area of AAPD.
— AP =3m (isos. A\)

1
— Areapapp = 5 x Base x Height

= 1 x3x3
2
=45m’
Step 2):  Find area of A ABC.

. 4

—  sin(60°) = —

(0 BC

BC =4.62m

AB

—  tan(60°) = —

(60°) 4.62
AB=8m

1
—  Areappc = o 8 x 4.62 = 18.48 m?

Step 3): Find area of /AAPCD.

. 8

—  sin(60°) = —
(60°) T
AC=9.24m

— PC=924-3=624m
—  Areappep = % X 6.24 x 3 = 9.36 m?

Step 4):  Sum up areas.

— Areaypep = Areap app + Areap gpe + Areappep
=45+ 18.48 + 9.36
=32.34 m?

Example 3:
Siddarth wants to estimate the radius of the Earth. He climbs to the top
of Burj Khalifa, h = 828 m tall, and looks to the horizon d km away
from him.
a)  Derive an equation for R in terms of d and h.
b)  If he estimates d to be 100 km, estimate R.

c¢) Calculate the angle subtended at the Earth’s center between the
horizon and Siddarth.

a) — (R+h?=R+d*
R? + 2hR + h* = R* + d*
2hR = d* — h?
2 _ 12
ro d=h

2h
_100* — 0.828*
2% 0.828
c) — sin(9) = __10
6038 + 0.828
6 =0.95

b) - = 6038 km
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Non-right Triangles &
Trigonometry isn't just for right-angled triangles, these useful re-
sults apply to any triangle.
© Sine Rule
b a (e b __c
B sin(A) sin(B) sin(C)

A c

Cosine Rule
e =a?+ b’ —2ab cos(C)

Area of Triangle
 Area = %ab sin(C)

where a, b, and ¢ are the side lengths of any triangle A ABC, op-
posite the interior angles at vertices A, B, and C, respectively.

Example 1:
In AABC, AB=25m,CA =5m, and ZCAB = 27.1°. Find its area.

C

)\

A 25m B

—  Areap ppc = %ab sin(C)

% x 5% 2.5 x sin(27.1°)

=2.85m?
Example 2:
In AABC, BC =9 m, CA = 10 m, and ZABC = 59°. Find its area.
C
10 m 9m
A B
e ___b
sin(A)  sin(B)
0 9
sin(59°)  sin(ZCAB)
ZCAB =sin" [% sin(59°)] =50.5°
— Z/BCA =180°—59° — 50.5° = 70.5°
—  Areappc = % x 10 x 9 x sin(70.57) = 42.4 m?
Example 3:

In the parallelogram ABCD, CD = 8 m, DA = 5 m, and ZDAB = 45°.
a)  Find length BD.
b)  Find the area of parallelogram ABCD.

5m
45°
£ B
a) — AB=CD=8m (opp. sides are congruent)
— ¢ =a*+b? - 2abcos(C)
BD? = 5% + 82— 2x5x 8 xcos(45°)
BD =5.69 m
b) — Areap.pp = % x5 x 8 x sin(45°) = 14.14 m?

—  Areaypep = 2 X Arean pp = 28.28 m?
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Geometry

Wave Trigonometry

While the sine and cosine functions
help us understand triangles, they are really wave patterns at heart.

Sine Wave Recap i
Let’s quickly recap the translational and symmetric properties o
the sine wave.

i Phase Shift Identities
Pl 1) cos(f) = sin(@ + 90°)
sin(@) = cos(f — 90°)
sin(@) = —sin(6 + 180°)
cos(f) = —cos(f + 180°)
sin(f) = sin(6 + 360°)
cos(0) = cos(0 + 360°)

YA y=sin(®)
A

<

<V
2usrenz

¢]]

(2]

Obtuse Angles i
An obtuse angle measures more than 90° but less than 180°.
Let’s explore how trigonometric functions behave in this range
and the connection to previous results.

obtuse angle
180° — 6

YA y = sin(0)
sin(@o)[-- /-~~~ \
6 [ 18Y 3607
180° — 6,

sin(@) = sin(180° — 0) cos(0) = —cos(180° — 0)

S
Example 1:
In the figure below, ABD is a straight line, BC = 15 m, CA = 8 m,
Z/CAB =90".
a)  Find sin ZCBD. b)  Find cos ZCBD.
C
17 m
8 m
A B b
a) — sin(ZCBD) = sin(180° — ZCBD)
= sin(£ABC)
-8
17
b) - AB=+172-8=15m
—  cos(£CBD) = —cos(180° — ZCBD)
= —cos(LABC)
__15
C17
2025 2
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Multiple Solutions o

The periodic and symmetric nature of the sine function allows a
single y-value to correspond to multiple 6-values within a given
range. In one rotation (0 < 6 < 360°), the two solutions are sym-
metrically reflected across a line of symmetry (¢).

Ny
sin(0),

sin(6)

¢ = 180°
Dual Solution
< 0,=2¢-6,
sin(0) >0 = 6,=2x90" -6,
esin(@) <0 = 6,=2x270"—-6,
cos(0) >0 = 6,=2x180"-6,
cos(f) <0 = 6,=2x180"—6,

Example 1:
Solve for 0° < 0 < 180° in each of the following equations.
a) sin(0—25)=0.6 b) cos(0+5)=-04

¢) cos(20+15)=10.3

a) — sin(@—25)=0.6
0—25 =3687 or 0-—25 =180"—36.87°
0 =6187 or 168.13°

b) — cos(f+5)=-04
0+5 =11358 or 0+5 =360°—113.58°
0 =108.58 or 6 =241.42°" (rejected,241.42° > 180°)

¢) — cos(20+15) =103
20 +15° =7254° or 20+ 15 =360° —72.54°
0 =2877 or 0=136.23

Bearings 2T 4
Bearings provide a precise way to describe direction, measured
clockwise from north. Trigonometry can be used to solve prob-
lems involving angles, distances, and navigation.

N
A
45°
290°
w K E
165°
S
Example 1:

The figure shows the position of O, A, and B. Find the bearings of
a) AfromO, b) Bfrom O,
¢) O from A, d) O from B.
e)  Given that A and B are equidistant from O, find the bearing of B
from A.

Math Hawker. All Rights Reserved.

Geometry

a) — Bearingy, = 90" — 53" =37°
b) — Bearingg, = 180° + 75° = 255°
¢) — Bearingy, = 180° + (90° — 53°) = 217°
d) — Bearingyy = 90° — (90° — 75°) = 75°
e) — /BOA= Z/BON + ZNOA
= (180° — 75°) + 37°
= 142°
- Z0aB= T (Gsos. )
=19°
— Bearingg, = Bearing,, + ZOAB
=217+ 19°
= 236"

Example 2:

A coast guard station S detects two distress signals from separate boats,
A and B. Boat A is located 15 km from the station on a bearing of 130°.
Boat B is located 25 km from the station on a bearing of 205°.

a)  Determine the distance between the two boats.

b)  Find the bearing of Boat B from Boat A.

A rescue helicopter is dispatched from the station, flying at 180 km/h.
The helicopter will drop a survival kit at a point M, which is midway
between Boat A and Boat B.

c¢) Determine the time the helicopter takes to reach point M.

a) — /ASB =205 —130° = 75°
—  AB? =152 4252 — 2 x 15 x 25 x c0s 75°
AB = 25.6 km

25.6 _ 25
sin(75°)  sin(£BAS)
ZBAS = 70.5°

— Bearingg, = 360° — (90° —40°) — 70.5° = 239.5°

b -

2
c) - SM?= (%) +15% — 2 x % x 15 x c0s 70.5°
SM = 16.2 km

16.2
180
= 0.08976 hours

= 5 minutes 23 seconds

—  Time Taken =
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Triangle Geometry

That triangle kinda looks like this one...

Prove it!

Basic Geometric Properties Recap &

Here’s a summary of basic geometric properties that we’'d previ-
ously learned.

Lines
Supplementary angles

Za+ /b = 180°
Ze+ Zd = 180°
Vertically Opposite angles
Za=ZLc
/b= zd
Corresponding angles
Le=Le
Alternate angles
Za=ZLe

(supp. £s)
(supp. £s)

(vert. opp. Zs)
(vert. opp. Zs)

(corr. Zs)

Interior angles

(@lt. Zs) Zb+ Ze = 180° (int. zs)

Triangles
Angle sum of triangle

Za+ /b+ Zc = 180°
Exterior angle of triangle
Za+ Ze=4d

(£ sum of A)

(ext. sum of A)

Base angles of isosceles triangle

Za = /b (base Zsotisos. A)
Sides of isosceles triangle
BC =CA (sides of isos. A)

Angles of equilateral triangle
Za= /b= Zc=60
Sides of equilateral triangle
AB=BC=CA

C
£\
(Zs of equi. A

(sides of equi. A)

J

Congruence g

Two shapes are congruent if they have the same size and shape,
regardless of orientation or position. These tests determine con-
gruence using different sets of information.

Two triangles are congruent if...
SSS (Side-Side-Side):
...all three sides...

)
Q

SAS (Side-Angle-Side):
...two sides and the angle between them...

)

AAS (Angle-Angle-Side):
...two angles and any side...

)
44

RHS (Right-Hypotenuse-Side):
...they are right-angled, and the hypotenuse and one other
side...

|
\

...in one triangle are equal to the corresponding parts in the other
triangle.

v
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Geometry

Example 1:

In AABC, BC =5m, ZABC = 22.3°, and ZCAB = 130.5°. In AXYZ,
YZ =5m, /XYZ =22.3°,and ZZXY = 130.5°. Prove that AABC and
A\XYZ are congruent.

c Y X
~ O
5m
" 5m
L [~ Z
A
— BC=YZ=5m

— LABC=/XYZ =223
— ZCAB=/ZZXY =1305

AABC = AXYZ (AAS congruence test)

Example 2:
In AABC, AB=12m, BC =9 m, ZBCA = 86.5°, and ZCAB = 48.5".
In AXYZ, XY =12m,YZ =9m, and ZXYZ = 45°. Prove that AABC
and AXYZ are congruent.
Y
‘ 12m
9m

— AB=XY=12m

— BC=YZ=9m

—  ZABC = 180° — 86.5" — 48.5" = 45°
ZABC = LXYZ =45

AABC = AXYZ (SAS congruence test)

Example 3:
In AABC, AB=7m,BC =8m, and ZCAB =755". In AXYZ,
XY =7m, LXYZ = 46.6°, and LZXY = 75.5°. Using the SSS con-
gruence test, prove that AABC and AXYZ are congruent.

@ X

[

A 7m B

Step 1):  Find the side lengths of A ABC.
8 7
sin(75.5°) ~ sin(/BCA)

Z/BCA =sin”" [é sin(75.5°)] =57.9°

— ZABC = 180" — 75.5° — 57.9° = 46.6°

— CA?=72+8%-2x7x8xsin(46.9°)

CA=6m

Find the side lengths of AXYZ.

— LYZX =180° — 75.5° — 46.6° = 57.9°

7 YZ  ZX
sin(57.9°)  sin(75.5°)  sin(46.6%)
_ 7sin(75.5° )

"~ sin(57.9°)
_ 7sin(46.6")

"~ sin(57.9°)

Step 3): Compare respective sides.
- AB=XY=7m
- BC=YZ=8m
- CA=ZX=6m
ANABC = AXYZ

(SSS congruence test)
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Similarity N T4
Two shapes are similar if they have the same shape but may dif-
fer in size. Again, there are tests to determine similarity using dif-
ferent sets of information.

Two triangles are similar if...

SSS (Side-Side-Side):
...all three pairs of corresponding sides are in the same propor-

tion.
a b C a b ¢
S—% « =p=-
Ql by a b ¢
SAS (Side-Angle-Side):

...one pair of corresponding angles is equal and the sides form-
ing those angles are in the same proportion.

a, b, a; b
A 5o V5,
AA (Angle-Angle):
...iwo corresponding angles are equal.

PP NI

S
Example 1:
In AABC, BP = PC, CQ = QA. Prove that AABC is similar to AQPC.
C
Q P
A B
— 4BCA = ZPCQ (common angle)
— CA=200Q
BC = 2PC
pC_CQ_1
BC CA 2
ANABC ~ AQPC  (SAS similarity test)
Example 2:

In the figure below, AB is parallel to XY. Prove that AAPB is similar to

AXYP.
X

C

A

— ZAPB= ZYPX (vert. opp. £s)
— ZPBA=/PXY (alt. Zs)
ANABP ~ AXYP (AA similarity test)

Example 3:
In AABC,QC =4 m,CA =6 m, and ZABC = 29°. In ABPQ,
BP =4m, PQ = 6 m, and ZBPQ = 104.5°. Prove that A ABC is simi-
lar to ABPQ.

— OB?=6°+4%—2x6x4xcos(104.5")
OB=8m
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6 _ 8+4
sin(29°) ~ sin(ZCAB)
sin(ZCAB) = 0.968
sin(180° — ZCAB) = 0.968 (obtuse /)
ZCAB = 104.5°
— ZBCA =180" — 29° — 104.5° = 46.5°
—  AB? = 6% +12% — 2 x 6 x 12 x c0s(46.5°)
AB=9m
AB _BC _CA
PQ QB  BP
9 2 _ 6 3

6 8 4 2
AABC ~ ABPQ (SSS similarity test)

Bisectors T g

Bisectors are lines that divide angles or line segments into two
equal parts. They provide a foundation for understanding key
properties of triangles and circles.

Perpendicular Bisectors

Angle Bisectors

Any point P on the bisector is

Any point P on the bisector is
equidistant from the two points

equidistant from the two sides

it bisects. of the angle. A
'I
Ry F
A - R 4 5
S
Example 1:

In the figure below, OA = OB and ZOAP = ZPBO = 90°. Prove that OP
is an angle bisector of ZBOA.

B

Y

ool

A

— OP is a common side of AOAP and AOPB.

OA _ OB
- cos(a)  cos(B)
— OA=O0B

OA _ OA
- cos(a) cos(p)
= cos(a) = cos(f)
= a=pf (acute L)

OP is an angle bisector of ZBOA.
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Example 2:
Scientist Alex directs light through an optical fiber onto a patient’s skin.
The fiber’s end is positioned h = 1 mm above the skin and is inclined at
a = 60°. Assume that the light exits the fiber at a point with a divergence
angle of § = 30°. In the figure below, OR bisects £ AOB.
a)  Calculate the illumination width AB on the skin.

b) Determine the angles of incidence 0, and 6, for the upper and
lower divergence rays on the skin, respectively.

Given that the relationship between the angle of incidence 6 and the
angle of refraction ¢ is
sinf = 1.4sin¢
and that the penetration length of light in skin is p = 0.75 mm.
c)  Find the angles of refraction ¢, and ¢,.
d) Hence, determine the area of the quadrilateral ABCD.

B
a) - tan<60— @> = —Q
2 1
BQ =1mm
Al
— tan (60 + 30) Q
2 1
AQ =3.73 mm
— AB=373-1=273mm
b) — 6,=ZA0Q =75 (alt. Ls)
— 6,=4BOQ =45 (alt. Zs)
¢) — sin(75°) = 1.4sin(¢,)
¢, = 43.6°
—  sin(45°) = 1.4sin(¢,)
¢, =30.3°
d) - 4ZDAB=43.6"+90° =133.6°
— BD?=0.75% +2.73% — 2 x 0.75 x 2.73 x cos(133.6")
BD =3.29 mm

- ZABC =90 —30.3 =59.7°
— Area,pcp = Areap gpp + Areap gep

= % x 0.75 x 2.73 x sin(133.6°)

ol % % 3.29 x 0.75 x sin(59.7°)

= 1.81 mm?
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Quadrilateral Properties Recap
Not quite triangles, but quadrilaterals are closely related to them

Square
1

Geometry

Rectangle
]
Ny : ]
A N

Supplementary Angles: a + f# = 180°

S
Glossary AT 4
Here’s a short description of new symbols we’ve encountered.
1. AABC : atriangle with vertices A, B, and C.
2. ZABC : an angle between lines AB and BC.
3. A L B:means “Ais perpendicular to B".
3. A| B: means “A is parallel to B”. Some textbooks use
A//B, but that is not standard notation.
4. A = B: means “Ais congruent to B”.
5. A ~ B: means “Ais similar to B".
6. .. : means “therefore”, usually used for conclusions.
7. —— : parallel marks represent parallel lines.
8. —— : tick marks represent lines of equal length.
S
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