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1. Fundamentals

Fundamentals

Let's start with some basic understanding of differentiation.

2. Elementary Rules 3. Identities

Derivative Definition &
Differentiation is a fundamental tool for finding how quickly a
function is changing at any given point. The result of this process
is called the derivative, written as f’(x) (read as “f prime x”),
which tells us the rate of change of the function f(x) at a given
value of x.
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where , “m o means “as h becomes really small (approaching 0)”,
and h represents a small horizontal change. Don’t worry about
this new limit notation, just understand it conceptually. You won't
need it rigorously until university-level calculus.

Derivative Intuition
Derivatives are closely related to gradients. In multidimensional
calculus (beyond the syllabus), the terms “derivatives” and “gra-
dients” can mean slightly differing things; but for now, you can
treat them as the same. To understand how differentiation gives
us the gradient of a curve at a point, let’s first look deeper into
how tangents do so.

y tangent zoom

at small scales, the
curve is approximately
linear and shares the
same direction as the
tangent, so their gradi-
ents match

o]

Instead of drawing tangents all over a curve, the derivative helps
us determine the gradient anywhere on the curve.

YA similarly, the line seg-
ment between f(x)
ne )and f(x + h)is ap-
segment proximately linear as /1
gets smaller, behaving

like a tangent

*in the first diagram, the tangent and curve should really be over-
lapping, but it's hopefully more intuitive this way.
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Notation and History
Let’s briefly introduce the two main notations for derivatives,
along with their history and some associated controversies.

Lagrange’s Notation
The derivative we defined earlier is written in Lagrange’s notation:

JEY)
This was introduced by Joseph-Louis Lagrange in the 1700s. His ap-

proach emphasized functions and algebraic manipulation, and it fits
well with the modern limit-based definition of the derivative, formalized

in the 1800s:
iR C)
h—0
Leibniz’s Notation
An alternative, widely used notation is:
SRRV Y e
dx dx dx
This was introduced by Gottfried Wilhelm Leibniz in the late 1600s. His
calculus relied on infinitesimals — quantities like dy and dx that were
“infinitely small” but not zero.

Notation Controversy

- Is dy/dx a fraction? Historically, Leibniz treated it as a true ratio of
infinitesimals. But after the rise of limit-based calculus in the 1800s,
mathematicians stopped treating dy and dx as real quantities. In
modern standard calculus, dy/dx is therefore not a real fraction. It
is simply a symbolic shorthand for the derivative.
Ironically, infinitesimals were rigorously reintroduced in the 1960s by
Abraham Robinson through a new framework called non-standard
analysis which makes dy/dx a real fraction within that framework.
While logically valid, that framework is not interchangeable with stan-
dard calculus, so you should still treat dy/dx as a symbol, not as a
fraction, within our syllabus.

Why use Leibniz’s notation at all? Despite its complications, Leib-
niz’s notation is incredibly useful. At the introductory level, it can
make certain concepts in differentiation more intuitive to understand
and apply.

4. Graph Applications

J
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Understanding the Notation
Let’s take a closer look at how to interpret the various notations.

Given a function y = f(x), where f(x) is any function of x, all
the following notations represent the same idea: the derivative of
f(x) with respect to x.

, dy _df _d
Lagrange’s — i) = Ix  de [f( )]
Notation. >t ‘\ Operator style no-
i tation. Treated as
Er:g%gzsg:tiveen Emphasizes the 5 5ction being ap-
5 function f itself. Tedlie A dmE
2 variables. plied to a function.

\S

J

<
Leibniz’s Notation

These are 4 ways of representing the derivative and are mathe-
matically equivalent.
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Elementary Rules

Some basic rules to help with differential calculus.

Power Rule g

The power rule is the cornerstone of differentiation. Most other
rules build on or extend its idea.

d: . & d
E[x ] =nx"1 E[k]:o
Example 1:
For the following functions, find the derivative with respect to x.
1
a) y=x b)  f(x)= o
c) flx)=2 d y=Jx®
a — y=x ¢ - f(x)=2
d_y — 5x571 f,(x) =0
dx -
=5x* d - y=+x
3
b 1 =x2
) - fW=4 A o o
= — = —x2
=x dx 2
f(x)=—-2x2%1 = Ex%
—2x73 %\/7
2 =>4x
= _; 2
Scalar Multiple Rule e

Constant scalar multiples are unaffected by differentiation and
can be factored out of the derivative.

d A
e fG] = kL]

Differentiation

Example 2:
A company models its profit (in thousands of dollars) from with the fol-
lowing function:
P(t) = 2t — 15t* + 36t
where t is the number of months since launch.
a)  Find the rate at which profit changes over time.
b)  Find the equation of the tangent at t = 2.
¢)  Find the rate of increase in profit the company makes at t = 3.5.

a) — P(t)=2t>— 15t + 36t
P'(t) = 6t — 30t + 36
b) — P'(2)=6(2)?-3002)+36=0
P(2) = 2(2)% — 15(2)* + 36(2) = 28
- y=0x+28
y =28
c) — P'(35)=6(3.5)?%—30(3.5) + 36 = 4.5
The rate of increase is $4500 per month.
Chain Rule

Some functions are easier to differentiate by recognizing them as
composite functions (one function inside another). The chain rule
helps us handle these by breaking the process into manageable
steps.

dx du  dx
where y can be simply expressed in terms of # and u can be ex-
pressed in terms of x.

dy_d_yxdu

V.
Addition/Subtraction Rule g
The derivative of a sum is the sum of the derivatives of its terms.
i[u +v] = e + &
dx dx dx
where u and v are functions of x. p

Example 1:
For the following functions, find the derivative with respect to x.

4 —2x+a

a)  y=3x"—4dx+2Jx b) -
a) — y=3x*—dx+2Jx
dy d, , d d, 1
< =3 [x}] -4— 2 [x:
dx dx[x] dx[x]+ dx[XZ]
=3(2x)74(1)+2(%x*§)
=6x—4+—
TR
b - :4x3—x2x+a
=4x? —2+ax!
dy d ., d d
AR g5 DN Y a1
dx dx[x] dx[]+adx[x]
= 4(2x) — (0) + a(—x7?)
_ a
—SX—F
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S
Example 1:
For the following functions, find the derivative with respect to x.
) y=(-2x) b y=—
x2+1
a) — Letu=x®-2x.
y =0 —2xy
oy _dy du
dx du dx
= %[MS] x %[XS — 2x]

= 5u* x (3x* — 2)
=5(x* - 2x)* x (3x% - 2)
= 5(3x% = 2)(x* — 2x)*

b) — Letu=x*+1.

3
=—x(x*+1)"2
x

J@?+1)°

Product Rule
To find the derivative of a product, we differentiate each function
one at a time, keeping the other fixed, and add the two results.

i[uv] = d—uv uﬂ
dx dx dx
where u and v are functions of x.
S
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Example 1:
For the following functions, find the derivative with respect to x.

a)  y=(x"+x)(3x"-5) b) y=@-202x+1

y = (2x* + x)(3x* = 5)
dy

2= %[2;(3 +x](3x2 — 5) + (24 + x)%[&cz 5]

= (6x* + 1)(3x* — 5) + (2x* + x)(6x)
= (6x* + 1)(3x% = 5) + 6x(2x°> + x)

b) — y=G*-2V2x+1

A N rers B CCRP A N oy
dx dx dx

— [B(x? — 2)2(2x)[V2x + 1 + (x% — 2)° [%(Zx + 1)7%(2)]

a) -

- , (2_2)3
=6x(x®* —2)%V2x + 1 + —— —

Example 2:
Differentiate y = (x* + 1)(x* + 2)(x + 3) with respect to x.
— =0+ DEE+2)(x +3)
dy

— d 3 2
T E[(x + 1)](x* + 2)(x + 3)

48+ DL+ 2)(x +3)]
dx
= e+ D)+ 2 +3)
dx
+(3+1) [i[(x2 +2)](x +3) + (x* + Z)i[(x + 3)]]
dx dx
= L[+ DI +2)(x +3)
dx
63+ D)L + )] (x +3)
dx

DGR 2)%[(){ +3)]
= (Bx)(x* +2)(x +3)
+ (3 + 1D)@2x)(x +3)
+(x* + 1) +2)(1)
=3x%(x® +2)(x +3) + 2x(x* + D(x +3) + (x* + 1)(x? + 2)

Quotient Rule T

The derivative of a quotient follows this convoluted formula.

du dv
[ ] dx dx

where u and v are functions of x.

Higher-order Derivatives
So far, we've only covered the first derivative. Differentiation can
be repeated to find the rate of change of the rate of change.

Differentiation

Derivative

First Second Third

Lagrange J/(x) ) ()
Notation d 42 43

Leibniz = £y £y

dx dx? dx3

Physics Velocity Acceleration Jerk

Interpretation

Graphs Gradient Curvature Torsion

Similar to dy/dx, think of d*y/dx* and d*y/dx> as whole sym-
bols representing the second and third derivatives, respectively.
There are no “powers” or “fractions” involved.

Example 1: 1
Find the third derivative of y = x* + x* — = with respect to x.
x

- y:x4+xzfx’1

d ) ,
4 =4x® +2x +x72
dx
d*y
— =12x*+2-2x7°
dx?
d3y
— = 24x + 6x7*
dx3

= 24x + %

x

Identities

Differentiation can be applied to common named functions too.

Example 1: (x? 2
Differentiate y =

with respect to x.

_ (x*+1)?

X + 4

dy [(x +1)%](x —4) — (x* + 1)2
dx (x — 4)?

_ 20+ DERx)(x —4) — (¢ + 1)P(1)

N (x —4)

_ [4x(x—-4) - 2+ D](x*+1)

- (x —4)?

(@ —16x—xP -1 +1)

- (x—4)

_ Bx*—16x - (" +1)

- (x —4)?

Lz -9
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Derivative of Trigonometric Functions

Trigonometric functions can also be differentiated using the fol-
lowing standard identities.

4 (o] = 4 = cost
. a[sm(x)] = cos(x) . dx[sm(u)] —cos(u)dx

d A d AAY - du
. E[cos(x)] = —sin(x) . E[cos(u)] = sm(u)dx
' %[tan(x)] el o) %[tan(u)] - secz(u)j—z

where u is a function of x.

S
Example 1:
For the following functions, find the derivative with respect to x.
a) y=sin’(x) b) y=[2tan(x)+1]*
c) y=cos(x*+rm) d) y = sin(3x)cos(2x)
a) - y=sin’(x)
Y _ o !
— = 2sin(x) cos(x)
X
b) - y=[2tan(x)+1]?
d ) )
ey 3[2 tan(x) + 1]%[2 sec?(x)]
dx
c) — y=cos(x*+m)
d
LUy sin(x? + 7)(2x)
dx
= —2xsin(x* + 1)
2025 3
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d) — y=sin(3x)cos(2x)
Z—i/ = cos(3x)(3) cos(2x) + sin(3x)[— cos(2x)](2)

= 3 cos(3x) cos(2x) — 2 sin(3x) sin(2x)

Derivative of Exponential Functions T

Exponential functions are unique in differentiation because they
might not change at all.

Differentiation

Graph Applications

Derivatives have major implications on graphs of functions.

d ;. . d ;. Ldu
. e =€ . e =e —
dx[ ] dx[ ] dx
where u is a function of x.
S
Derivative of Logarithmic Functions T
As with exponentials, we will focus on the natural logarithm (log-
arithm with base e). The identities are simpler for these cases.
d 1 d 1du
e —|[In(x)| =— o —|[In S==
e LUCO) ZenG)] = ——
where u is a function of x.
y
Example 1:
For the following functions, find the derivative with respect to x.
a) y= B+ b)  y=In(x*—3x+4)
a) - y= ex3+2x
d o )
A e (352 + 2)
dx
= (3x% + 2)e¥* **
b) — y=In(x*—-3x+4)
dy 1
= (2x-3
dx x*-3x+ 4( *=3)
2x—3
T x2—3x+4
Example 2:
Let
x In(x)
f&)= sin(x)
a)  Differentiate f(x) with respect to x.
b)  Find the gradient at x = %
x In(x)
— f®==
sin(x)
’ [xIn(x)]" sin(x) — x In(x)[sin(x)]’
f(x) =

sin®(x)
[ln(x) + i(x)] sin(x) — x In(x) cos(x)

sin’(x)
[In(x) + 1] sin(x) — x In(x) cos(x)

sin®(x)
r(2)- [ (%) + 1]““3(3(;;‘1“(5)‘303(5)

_ [n(3)+1]w-xn(F)©

(1
= ln(%) +1
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Derivatives and Graphs

A function increases where its derivative is positive and de-
creases where it's negative. Stationary points occur where the
derivative is zero, which include local minimum and maximum
points, as well as stationary points of inflection.

maximum point

i

>
Il

decreasing
dy increasing
increasing - - o <0 dy

dy stationary point x =0
— >0 of inflection dx
dx dy

—_— 0

dx

minimum point  x

d
2_o
dx
ﬂTW' A stationary point of inflection is a specific type of inflection point. The
+ general case is beyond the syllabus. y
Example 1:

Let
f)=x*+3x* —9x+1
a)  Find f'(x).
b)  Find the coordinates of the turning points of y = f(x).
¢)  Find the regions where f(x) is increasing.
d)  Find the regions where f(x) is decreasing.
a) — fl(x)=3x*+6x—-9

At turning points, f’(x) =0
= 3x*+6x—9=0

¥ +2x-3=0

(x=1)(x+3)=0

x=1 or x=-3

- f@) =) +3(1)* -9(1) +1
=—4
= f(=3)=(=3+3(-3 - 9(-3) +1
=28
Coordinates of the turning points are (1, —4) and (-3, 28).
(x—1D(x+3)>0
x<-3 or x>1

d - -3<x<1

First-derivative Test i
Without graphing a function, it’s often difficult to determine the
nature of its stationary points. This is where derivative tests
come in. By examining the sign of the derivative on either side of
a stationary point, we can identify whether it is a maximum point,
minimum point, or stationary point of inflection.

Just Before | At Point Just After Shape
Maximum dy dy dy /"\
: — >0 — =0 — <0
Point dx dx dx
Minimum dy dy dy \,/
; — <0 — =0 — >0
Point dx dx dx
dy dy dy
Stationary | Jx 50 ke L ke Sl
Point of
Inflection | dy ) dy 0 dy A /x/
dx dx dx
S
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Example 1:
Let

f(x) = x* + 9x* + 24x — 16
Find the coordinates and nature of the stationary points of y = f(x).

— f(x)=3x*+18x+24
— At the stationary points, f’(x) = 0.

3x% +18x+24=0

(x+2)(x+4)=0

x=-2 or x=-4
—  f/(-1) =3(-1)* +18(-1) + 24

=9

—  f(-3)=3(-3)* +18(-3) + 24
=-3

—  f'(=5) = 3(=5)* + 18(=5) + 24
=9

— f(=2) = (=2)* + 9(-2)* + 24(-2) — 16
=-36

—  f(—4) = (—4)* + 9(—4)* + 24(-4) — 16
=32

— The point (—2,—36) is a maximum point.

— The point (—4, —32) is a minimum point.

Second-derivative Test o
If the second derivative is positive, the point is @ minimum; if Lagrange’s Notation T
negative, it's a maximum. This is often a quicker way to classify : - —— , ;
stationary points, but might fail to be informative. Let’s convert all the identities into Lagrange’s Notation.
Derivative Power Rule Trigonometric Derivatives
o (x") =nx"! « [sin(x)]’ = cos(x)
First Second Shape i , .
7 7 Scalar Multiple « [cos(x)]’ = —sin(x)
B -0 | Y. » [f@Y = kf/ () + [tan(x))" = sec*(x)
Point d dx?
pe : ’ ’
— d dzc Addition/Subtraction Rule « [sin(@)]" = cos(wu
M'Ff,‘gg;;tim % ~0 d_}; -0 \/ e (ut+v)y =u +v « [cos(w)]” = —sin(w)u’
4 d;c Product Rule . [tan(w)]’ = sec’(u)uw’
Uninformative d—y =0 —)2) =0 ? « (w) =uv+uw/ Exponential Derivatives
- dx Quotient Rule . (eY) =¢*
These tests are one-directional: dy/dx = 0 and d*y/dx* < 0 . (E) _wv-uw’ o« (&) =ew
guarantees a maximum point, but not the other way around. If v v2 Logarithmic Derivatives
d*y/dx* = 0, the point could be a maximum, minimum, or in- Chain Rule )
flection. ) - [N = f(gtg'(x) = Il =2
’ 1 ’
Example 1: . [In()]" = oY

Let . ) , Lo
Both notations are equally valid. Lagrange’s notation is more

fx)=x"—12x+6 common in certain areas of mathematics, while Leibniz’s nota-
Find the coordinates and nature of the stationary points of y = f(x). tion remains favored at the school level for its clarity in showing
’ 9 which variables are involved. Use whichever notation feels more
- =3 -12 intuitive to you.

— At the stationary points, f’(x) = 0. Y
3x2—12=0
x = 42 REACH US AT:
B *)2 o MATHHAWKER. COM.S6 = ALLNOTES
o e ATHRAWIKER
- fr(=2)=6(-2) @ O — ATEST UPDATES
-1 X OMATHRAWKER
- =@ @ ATREON. COM/MATHHAWKER — — Supeot Us :)
=12
- f(-2)=(-2°-12(-2)+6 S’ee you "
=22 —
Integration! T 7
- f@=0@-122)+6 L
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— The point (72) 22) is a maximum point. These notes are freely available for sharing and personal use by students. They may not be used for
commercial purposes, including but not limited to private tuition services, tuition centers, or resale.

—  The point (2,—10) is a minimum point.
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